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two-dimensional
By Chan-MouTchen
slTMMARY
fielda generalizedpotentialtheoryapplicable
tononadiabaticsadrotationalflowisdeveloped.Threepartialdiffer-
entialequationsarefirstobtainedetermin@gthethreevariableswhich
are: Distributionfadditiotitemperate $, velocityperturbation@,
andanauxilia~functionK characterizingtherotationalityofthe
flow. Withtheuseofthistheorytheactionofheatsourcesonthe
flowis studied,andtheheatdeliveryina compressibleflowat subsonic
andsupersonicspeedsiscalculated.Theresults.showtheeffectof
compressibilityandthenonlinearcooling.Applicationsoftheresults
tohot-wireanemometryarediscussed.
.
INTRODK!TION
Ina two-dimemiondstationaryfield,considera certaindistrib-
utionofheatsourcesplacedina horizontalstreamofmainveloci~ U,
whichcanbe mibsonicor supersonic.Thefollowingpointswillbe
studiedtheoretically:
(1)Actionofheatadditiononthemotionofa compressiblefluid
(2)Effeetofcompressibilityontheheatdelivery
(3)NO~iIleSrityintherelationbetweenheatdeliveryandtemper-
ature&U?ference
Fortheinvestigationsf
enter,andtheiranalysis
(1)Developmentofa
a compressibleflowwhich
heataddition)
theseproperties,thefo310wingproblemswill
wiJJformthemainpartofthepresentpaper:
.generalized,potentialtheoryforthestudyof
isrotationalandnonadiabatic(i.e.,with
.-
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(2)Temperaturedistributionabouta heatsourceina compressible .
flow
(3) Distributionfthefluxof
(k)Perturbationftheflowby
Thistheoreticalstudywill,on
teristicphenomenaina compressible
heatdeliveredby
theheatsources
theheatsources ‘ “
theonehand,illustratehecharac-
flowwithheataddition,and,on
theotherhand,itwillfindapplicationstohot-wireanemometryforthe
measurementofvelocityina compressibleflowat subsonicandsupersonic
speeds.Inorderto simplifythecalculation,withoutlosingthe
essentialityoftheproblems,itwillbe assumedthattheheatsources
aredistributedalonga flatplate,whichcorrespondsto an infinitely
thinmetallicribbon,edgewiseto theflow,sothatno appreciablep r-
turbationsdueto theshapeofthebodywillbe present,andthatpertur-
bationsaredueonlyto theheatsources.1 Actuallya cylindricalwire
customarilyisusedinhot-wireanemometryforpracticalreasons,but
fromthepresentcalculationsitwillbe seenthattheformofa flat
plateispreferabletotheformofa bluntbodylikea cylinderinthe
hot-wireanemometryofa compressibleflow,becausethevariationsof
theMachnumberwiththecoolingaresingle-valuedfortheformerbody
anddouible-valuedforthelatterbody. Afterthec~culationsofthe
heatdeliveryby heatsourcesdistributedalonga flatplate,theheat
deliveryby heatsourcesdistributedalonga bluntbodywillbe discussed
also. Inthepresentcalculationsthevariationsofthephysicalcon-
stants,suchasthecoefficientsof specificheatandthecoefficientof
heatconduction,aswellastheeffectoftiscosityandradiation,will
be leftoutofconsideration.
ThisworkwasdoneattheNationalBureauofStandardsunderthe
sponsorshipandwiththefinancialassistanceoftheNationalAdvisory
CormnitteeforAeronautics.
.-
.
lSincetheviscosityisneglected,theterminolo~“plate,”which
occursfrequentlyinthispaper,hastheonlymeaningof indicating
thelocationoftheheatsources,withoutofferingw perturbationto
theflow,forexample,intheformofa boundarylayer.
.
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G~ KXDINTIALTHEORYFORROTATIONALMOTIONOFA
COMPRESSIBLEFLOWWITHVARIAB13TOTALENERGY
FundamentalEquations
writingtheequationsforthemotionofthefluid,thefollowing
usualsymbols~ be introduced:
% Y
ds=
w
u,v
1
P
T
k
R
c
h
M
coordinatesofa variablepointintwo-dimensionalfield
vectorveloci~
componentsofvectorvelocity
pressure
density
absolutetemperature
ratioof specificheatforconstsmtpressureCp andfor
constantvolumeCv (k= 1.4 istakenforairinnumericsl
calculations) ..
,’( k -1)gasconstant cp - Cv= Cp~
veloci&of soundattemperatureT (=)
coefficientofheatconduction
localMachnumber(w/c)
Thefollowingfunctionswillalsobe introduced:
P =1+*M2
a=m
1
p .wm-Fi
.-..
—--..-—— ..-— —.— ..— —–..——
4 NACATN 2436
Theabovesymbolsarefrequentlyusedinthepresentcalculations.
Otheroneswillbe introducedwhereverneeded.Thesubscripto imdi-
catesthestatereducedadiabaticallyto stagnation,andthesubscriptm
indicatesthestateinthefreestream.
Thetotaltemperatureata vsriablepo~t isgivenbythedefinition
W2Tt.T+r. To + ~(X,y)
%
(1)
where To isa constantcalledisentropicstagnationtemperatureand
O(x,y)istheadditionaltemperaturedueto anintroductionfheat.
Forthesakeofconveniencetherelationsbetweenthedifferenttemper-
aturesymbolsareshownasfollows:
@o=1 +~/To =T
Tt/T= IL }
(2)
Also,
Inthepresentproblemtheresrefourdependentvariablesw, p,
p,and ~. Forthesefourvariablesfo~ equationswilJbe writtenby
expressingthefollowingfourlawsforthemotionofthefluid:
(1)Thelawof Conservationfmomentm
..
—
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(2)Thelawof
(3)Thelawof
(4)Thelawof
5
conservationfmass
conservationfener~
stateofa perfectgas
Theconservationfmomentumisexpressedby theequationof
momentum.Invectorialformitcanbe writtenasfollows:
l/2grad$+rotw Xw =-$ gradp (4)
Ina two-dtiensionsl
twoequationsfor u
problemthisequation
and v asfollows:
au au
_=_;~
‘%+vby
for w canbe sepsratedinto
(4a)
(Ub)
Theconservationfmassofthemovingfluidisexpressedby the
equationof continui~
-.
w apdivw=-– — (5)P 8s
where ds= + & isthelengthofa segmentofthestreamline.
Theconservationfenergyisexpressedby theequationof energy,
sometimescalledtheequationofheatconduction
pw l grad cvT+~# =-( ) div(pw)+ k divgradT
Thisequationcaneasilybe transformedintothefollowingone:
pw . ( ).grad cpT+~# =Xdivgrad T (6)
.
—. . .
-— ————
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Inequation(6) T canbe replacedby T fromdefinition(1)j ~d
thefollowingequationcanbe expressed:
1
P = Po(T/To)k-lS1
with
S1 = e(So-S)/R
where S isgivenbythedefinitionf entropy
TdS=cpdT- $ dp
men equation(6)becomes
1
divgrad(7/P)= =l(T/W)k-lw “gradT
where 2h= pocJh.
(7))
(6a)
Finsllytheequationof stateof a perfectgasis
p.~T ‘ (7)
~ese fivesc~arequations(equa.tio~(~)j (kb)j(5))(6a)~ad
determinethefivevariablesintheproblemu, v, p, p,and $.
Theproblemisnowtoreducethenumberof equationsby eliminating
certainvariables.Thereforea systemofthreeequationswillbe dis-
cussedwhichwilldeterminethethreeprincipalvariablesu, v, and +.
Thefirstequationcanbe obtainedfromtheequationofcontinuity
(5),by eltimtti P and P withtheuseof equations(ka)j(kb),
and(7)asfollows:
divw=kwbw+wh T
—— ——C2as T b
.—
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oragain,by replacingT by $ fromequation(1),
Inthe x,y coordinatesthisequationcanbe writteninits
expandedformasfollows:
(8)
Herewiththefirstequationofa systemofthreeequationsisobtained
whichwillbe discussedinthefollowingparagraphs.Thefirstequation
willbe calledtheequationofmotionofthefluid.Thesecondequation ,
istheequationofener~ alreadygivenby equation(6),andthethird
equationcanbe derivedasfollowsfromtheconditionoftherotationality
oftheflowwhichisgivenby theequationofmomentum(4). Simplecal-
culationsoftherotationalterminequation(4)as a functionof d
and Tt fromequation(1)leadrespectivelyto
u)1rotwxw 1 EC2 ‘— gradlogep p-~k -1 C2grad~ (9)
(1)~rotwxw 1= -— _>% l/2 (~)k- ~ gradloge Pk P 2kRT= adlogeTtC*
(/)1rwhere gradloge p P isnothingelsethantheincreaseof entropyS,
expressedby
()pi/k-ad loge ~ = grad(S/cp)
as caneasilybe provedfromthedefinitionf.theentropy.
-..——— —_. — —
——— -. ...— — —
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Fromequation(9a)itis seenthatan isentropic(S= Constant)and “
adiabaticflow(Tt= COnSt~t)@s .
.
rotwxw = o
. =2
Furthermore,by takingtherotofequation(9a),makinguseof
equations(2),andGbservingthat rotgradA = O,thereisobtained
ffinally
rot rotw X w $ #2
~2 = - grad~ X gradlogec
(lo)
.
Thisistheequationofrotationalityoftheflow. ,
Thetwoequations(8)and(10)determinethe u,v fieldas a
functionofthetemperaturewhich,initsturn,isdeterminedby the
equationof energy(6).
GeneralizedPotentialTheoryfora RotationalF ow
A systemofcoordinatesformedby thestreamlinesad theirortho-
gonaltrajectoriesi taken.Thestresmfunctionv isusedforthe
streamlines,giving
‘O a$
“~F
P. av
~=_——
P ax
(U)
A generalizedpotentialfunctionq andanauxilisryfunctionK
canbe chosensuchthat
(12)
. .
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or invectorialform w = K grad-q.Thefunctionq iscalledthe
“gener~ized”potenti~ function,becauseitcomprisestheparticular
functionforan “irrotational”potentialflowby puttingK = 1. The
generalizedpotentialmotioncannowbe determinedby threeequations:
Theequationofmotionintheformofa differentialequationfor q,
theequationof ener~whichgivesthetemperaturedistribution,anda
thirdequationwhichdeterminestheauxiliaryfunctionK.
Itisworthwhileto remarkthatthestudyofthedistributionf
a certainphysicalproperty(e.g.,temperattiedistribution)abouta
bodyofmorecomplicatedformcanbemadepossibleby theintroduction
of sucha setof functionsq and $ inthegeneralizedpotential
theory,becausetheuseof suchvariablesq and ~ asnewcoordinates
willtransformthebodyintoa flatplate.
ThethirdequationwhichdeterminestheauxiliaryfunctionK can
be constructedas follows.Ifthe u,v fieldisconsideredmomentarily
asgiven,thefunctionK willbe determinedby thefollowingrelations
derivedby simplevectorialoperations:
rotw = -wX grad
—
logeti (13)
rotwxwFromequation(13)therotationalfunctions ~ rotwxwand rot .
cc
can be calculatedas follows:
rotwxw ~2 w . gradlogeK
=-—C2 C2gradlogeK + C2
rot rotw x w $ w. gradlogeK
C2 = - grad~ X gradlogeK -c C2
(w. gradlogeKw X grad C2 ).
w (14)
w X gradloge~
(15)
.——.—_ _—___ .—-__—_
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By comparingequation(15)withequation(10),theequationfor K
isobtainedinthevectorialformasfollows:
$ w l gradlogeKgrad~ X gradlogeK +
c =2
.
w x gradlogeK +
(w .gradlogeK) $w X grad #/2 (16)= grad> X gradloge~2
Thevelocitypotential@ canbe writtenintwopartsasfollows:
ql=q+a (17) <
where q istheperturbedvelocitypotential,~ = Ux isthevelocity
potentialinthefreestream,and @ isthepotentialperturbation.
Also,
u = R(U+ aO/i3x)= u + u’
u’ = ~aopx+(K-I)U
V=vt= ~a~jay
where U isthevelocityinthefreestresm.
with
where
Aftersubstitutionf
()
U2a%1-——C2a.#!
relations(18),equation(8)becomes
(18) “
(19)
-——- —-—- -— ——
Itmaybe usefultogroupthemainequationsas follows:
(a)Equationofmotion(seeequation):
()1 up %.—— _ 2~2bx2
where f isgiveninequation
(b)Equationofenergy:
A(I-L-lT)
(19)
1
a2 a2
Thisequationistheanalyticalformof
‘ere ‘=s+s”
equation(6a).
(c)Equationofrotationality(seeequation
$ w. gradlogeKgrad
~x ‘ad 10Q K + Wx=2
w.gradlogeK
w X grad $~2 . grad~x gradc
(16)):
gradlogeK +
10ge T~~2
11
If s and n representtheunitvectorsalonga streamlineand
alonga normal,respectively,thefollowingequationscsabewritten:
a10geK
w*gradlogeK=w as
a10getc
wXgradlogeK=w
an
a~a 10& K a~a10&KgradM2 X gradlogeK = ~ an
‘Z as
..—— _____ -—.—— -— —_____ _____ ___
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Usingtheseformulasandassuming
thereisobtainedfromequation(16)
(20)
(21)
Inan adiabaticflow(d= O),theexpression(21)reducestothewell-
lmownvalueK = 1. Assumption(20)expressestheconditionthatthe
gradientoftheadditionaltemperature(oradditionalenergy)mustbe
muchsmalleralongthestreamlinesthsaalongtheirorthogonaltrajec-
tories.Thisconditionexistsinproblemsoftheintroductionf a heat
boundary(problemsofcombustion),ofheatsources,orofa hotbodyin
a stresmovingata highspeed.Inallthoseproblemsthemotionofthe
fluidisextraneoustotheheatintroduction.Otherwisecondition(20)
willnotbe valid,forexample,inthecaseofan explosion,wherethe
predominantmotionofthefluidiscreatedbytheheatemissionitself.
Inthepresentpapertheproblemoftherotationalandnonadiabatic
fi.owillbe treatedundertheassumption(20)andhencewiththevalue
of K givenbyexpression(21).Substitutingexpression(21)into
equation(19),theequationofmotionbecomes
with
SmallPerturbations
(22)
As a firstapproximation,equations(6a)and(22)canbetransformed
intolinearonesby introducingtheassumptionf smallperturbations;
thatis,itisassumedthattheperturbationsu‘/u, v‘/u, 0/@,and
O/T. andtheirdifferentialsaresmallcomparedwithunity,suchthat
termsof secondorderarenegligible.
.
.
. ——
..
.
.
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Underthisassumption,theequationof energy(6a)andtheequation
ofmotion(22)become,respectively,
(a)Equationofenergy:
where
where
2-k
.—
g = Pm‘-1hU J
(b)Equationofmotion:
a
f=
DISTRIBUTIONFTmmmTumm HEAT
A HE&TEDBODYINA COMPRESSIBLE
TemperatureDistribution
Theconvectionfheatisgovernedby
followingsolution:
d =Ae%o(gr)
(23)
(24
FLUXFOR
FLow
equation(23).Ithasthe
(25)
.-. — ——— .—. ——
14 NACATN2436
X2+ y2 and & isa Besselfunction.
.
Forlargervalues
of gr, ~ canbe expandedintoa serieswhichwillbe givenlaterh
thissection.TheconstantA canbe determinediftheheatdeliveryQ -
isknown.Considerfirstthecaseofa linesource.Theformulaof
temperaturedistributionabouta finitebodycanbe constructedby
consideringa continuousdistributionfheatsourcesonthebody,and
willbe studiedinthefollxiingsection.
TheheatdeliveryQ shouldbe equalto thetotalheatfluxsround
a closedcircuitformed,forexample,by a circleofradiusr enclosing
thelinesouxce.Thefollowingformulacanbewritten:
JQ= dsc ~ N )s +“~mCosv (26)
where ds isa segmentofarconthecircleand r and q srerespec-
tivelytheradiusandtheangleinthepolarcoordinates..
Thequestionisinwhatsectorofthecirctiittheheatflowwillbe
effective.At largevelocities,themajorpartoftheheatflowoccurs
througha verynarrowsectorsothatthemagnitudeQ willbe at first
appro~ationindependentofthelimitsof integration,providedthese
aretakenof sufficientlyargerange.Thereforeasa firstapproxi-
mationtherecanbewritteninplaceofformula(26),forallkindsof
velocities(subsonicandsupersonic),
If
Q=2r?w J(%‘q-z +-m-%Cos ~
o )
Putting
J’ItII(z)=: dqezCosqCosqo 1
(26a)
(27)
..—. -— — ——————.
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.
.
.
formula(26a)canbe&ittenasfolJows:
[f
m
Q = - -K1(w) d~egrCos
o-
(2Vm-1- l)%(w) Y* d.qe=o
[r
Cosq 1Cos q
= 21AAgr
~1
] - b= ’-’b,} ’28)-K1(gr)Io(gd -I-KOI1
By theuseofthefollowingexpansions,
ezIo(z)% —
G ()1+*
dIo ez
11(z)= ~ w— 1 3~(21TZ -G )
formula(28) becomes
Q = 21TA&Lm-1
HerefromA isobtained,andfromfornmila(25) thereisobtained
..—— .—. .—.—
—-—
._._. “.—— -—
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FluxDistributiona dHeatDelivery
Thedistributionftemperatureabotia linesourceisgivenby
formula(29).Thisformulaisvalidforsubsonicandsupersonicflows.
Considernowa flatplateoflength~. Let q(~)d~representtheheat
fluxfromanelementarysegmentd~ oftheplate.Thetemperature
contributionby thissegmentat a variablepoint x,y is
I&
- — d~q(~)eg(x-g)dO–2fi - KJgd-)
where z=x- 5. By intefgating,
(30)
Formula(30)givesthedistributionftemperatureintheflowregion
*out a plate.Thisformulacontainsa functionq wldchwillbe deter-
mined,inthecalculationswhichfollowformula(30),by theintegral .
equation(31)forthesurfaceconditionon
Onthesurfaceoftheplatetherecan
—
theplate:-
be writtenfor O S x S b
(31)
or,by usingtheasymptoticexpansionof ~(z) forlargevaluesof z,
(31a)
.— ———
. ...
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. Thesecondintegralontheright-handsidedecreasesrapidlywith ~,
andthereforeasa firstappro-tion itcanbe writtenasfollows:
Forthesakeof simplification
.
= q(x):
ofwriting,introduce
where
&.~~
Therelation(31a)betweentheheatflux
becomes
%=~xd~ql(~) ,
0 w
q(x)
!
(31b)
andthewalltemperaturethen
-1
g* qJ4
or
(32)
Firsttheintegralequation(32)willbe solvedforthegeneralcaseof
a variablewalltemperate %. Latertheparticularcasewillbe
derivedofa constant~ whichistrue,iftheplateis supposedto
be a verygoodconductor.
.
.
——–...— ——— ——— -.—— —
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Theintegralequationwillbe reducedto a lineardifferential
.
equationoffirstorderby a differentiationwithrespecto x. First,
put x - ~ = {2 inordertopreventhesin&y.&ritywhichwouldoccur .
when g = x. Thedifferentialwithrespecto x oftheintegralin
theright-handmemberofequation(32)is
I!!Mwhere ~1(~)= d~ .
By applyimgthis
isobtained
Thisformulais
atthedistance>
Q(o) J’x dE 61(E)V=+o F-
ruleto the
Q(o)
‘g’F +
fulfiJledby
willfulfill
ql(0)
Q1(X2)+ g* —&’g*
differentiationofequation(32),there
Jx 61(0 .i3* o ‘E‘1==‘ ‘*$W (33)
thefluxatthedistancex. Theflux
-.
..
.
.
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-1/2Multiplyeverytermof equation(34)by ~q(x - Xp) ~
integratewithrespecto X2 betweenthelimitsO and X, md sub-
tractfromequation
‘*2JX‘%Jx2
(33); it follows:
19
(35)
Thefirstinternalontheleft-handsideofthisequationhasthe
value m. Inthed&bleintegrsltheorderoftheintegrationcanbe
invertedas follows:
1
JX -X2)(X2- E)
The last
valueof
integralwithrespecto > haBthetiue fi~Hencethe
thedoubleintegralbecomes
—-—. .— .
_ ...— —.—-
————-
-—-. — ————
_—— —-
20’
Stistitutimgthisintoequation(35),
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b+) .- 2w@d =F(x)
where
1
(36)
x $W(%!)-~/2 + ~*2;w - g*2F(x)= -g%ql(0)x
Jo “z~r+
Theintegralequation(32)isthustransformedintothelinear
differentialequation(36).Itssolutionis
= (q1(0)e2a1 - erf~)+ q~(x)
where
erf~=-$
and ql’(x)isthefluxduetothegradientofthewalltemperature
J 2g(x-E)ql’(x)= d~’(~)eo 1
With
t
(38)
. .
.
(37)
..—— ———
..
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Intheparticularcaseofa platewhichisa good
walltemperaturecanbe assumedconstant;thenformula
simply
or,by returningto q,
q(x)=
Thisrelationisplottedin
whichcanbe expressedas
u
(q(0)e2@1 - erf
figure1,where
where P isthePecletmmiberaswillbe
Theconstamtql(0)informula(37a)
x= O inequation(32)whichgives:
or
..
.
.
ql(o)=—
~fi:&q(o)
21
conductor,the
(37)becomes
(374
i-)2gx
r= is denotedby u,
definedlater.
canbe determinedby putting
= g+dv (3P)
Nowpassovertothecalculationftheheatdetive~.By definition,
4a 4a
%=! dxql(x)= J
dxql(O)e2w(l - erf~)
‘:’!=C:z=-f aeaxerf@ “ t.-..
-- ———.—. --- -—
.._ .—, --—— .—
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Thefirstintegraloftheright-handmemberisevident.By changing
thevariablesq2= 2gx,thesecondintegraloftheright-handmember
canbe writtenasfollows:
.,
I e8ga r 1.—‘a erf 8ga- — F gat3fl
Hence,
where,for ga>>1, al is
Definea NusseltnumberN suchthat
whereA istheareaperunitlength8a. Hence,
(39a)
(40)
.
.
.
.,
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l?komexpression(37%),
Hence,
heat
that
very
23
- (41)
(42)
Theabovecalculationsgivea pictureofthedistributionfthe
flUX. However,intheorderofapproximationadopted,itseems
thepatternof distributionftheheatfluxdoesnotinfluence
muchtheheatdelivery.T!hisisreadilyseen,sincetheexpression
fortheheatdelivery(formula(k)) canalsobe obtainedby the
followingmoreapproximatem thodwhichdoesnottakeintoaccounthe
detailsofthefluxdistribution.To thisend,ifin equation(31)
a meanheatflux ~ is introducedand x isputequalto b,
thefollowingequationcanbewritten:
.
,,~ca—-1
=SW ~
due%o(u)
o
Thisintegralisknownandhasthevalue
(q = 2A4#gilm-1~=
-\
.
w=-1“ ‘enJ
)-1-1
(42a)
.
...— ——. . ..— .—. ———.— ._..~.—
. _— .——.
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and N whichisdefinedby
becomes
N=+--(wi=+,)
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(43)
BYmmming formulas (b) and(43), it isseenthatformula(43)gives
a verygoodapproximationto tormula(42)whichwasobtatiedfromthe
considerationsftheexactdistributionfheatflux.
A generalizedpotentialtheoryhasbeendevelopedsmdthreediffer-
entialequationshavebeenobtainedwhichdeterminethethreevariables:
Thedistributionftemperaturedifference~,thepotential.pertur-
bation0,andtheauxilisryfunctionofrotationalityR. As a first
approximation,theequationhasbeenlinearizedby neglectingtermsof
thesecondorderinperturbations
.
u‘/u, @/@,md ~/T. (seesection
SmallPerturbations).Thentheequationscanbe solvedfor # (section
TemperatureDistribution),theheatfluxcanbe calculated(thissection), “
andhencetheheatdeliverycanbeobtainedasinformula(43).HOW-
ever,theresultshowonlya linearelatio”nbetweentheheatdelivery
andthetemperaturedifference.Inorderto showthenonlinearchar-
acter,a secondapproximationmustbe pursuedby keepingthesecond-
ordertermsofperturbationsinthecalculationsofheatdelivery.To
thisend,thedistributionftemperaturedifference~ obtainedin
thefirstapproximationtill.beusedto calculatefirstthepotential
perturbationO (twofollowingsections),andherefromthevelocityper-
turbationu’/U.An “effectiveloci~”whichistheaverageperturbed
velocityofthefluidalongtheplatecanbe introducedintheexpression
oftheheatdeliverywhichwillthenbe ofnonlinearnature(seefirst
sectionunderNonlinearCoolingofa HeatedBodyatSupersonicSpeed).
It istobe remarkedthattheprocessmentionedabovewillgivea
secondapproximationwithsufficientaccuracywithoutenteringintothe
integrationfthenonlinesrpartialdifferentialequationintheform
ofequation(6a).
.
4 NACATN 2436 25
ACTIONOFHEATADDITIONONMOTION
OFA COMPRESSIBLEFLOW
FlowPerturbationsby HeatSources
atSubsonicSpeed
Inthissectiontheflowperturbationata subsonicspeedby heat
sourcesdistributedalonga flatplatewillbe investigatedby using
equation(24).Bymeansofthetransformation
‘i
=x
Yy=w
1
(44)
equation(24)cm bebroughto a Poisson’sequationofthefarm
.
Forthesakeofmathematicalconveniencethisequationforthe
motionofthefluidabouta platecanagainbe transformedby cotiormal
representationintoanequationforthemotionofthefluidabouta
cylinderofradiusa,usingtheformulaof conformaltransformation
Where z =Xi+iyi representstheplaneof
and Z = X + iY theplaneoftheflowabout
formingequation(45)intoan equationfora
thefollowingequation:
theflowabouttheplate,
thecylinder.By trams-
cylinder,thereisobtained
.
(46)
. —.. ————.—---———.—.— -.—.—— —...__ -
— —
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This equationcanbe madedimensionless
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by dividingX and Y by
a,and @i ‘by 2Ua. When R and q aretakenas
‘ oftheZ-plmeJ=d
thepolsrcoordinates
Idz]
theright-handmemberof
fi=; va (-21+
.,.
equation(46)becomes
(47)
where &@x shouldbe obtainedby differentiatingexpression(30)for
thetemperaturedistribution.However,thelatterexpression’sbeing
of integralformwillmakethePoisson’sequation(46)rathercumbersome
tohandle.As a convenientbutnotasa necessarystep,theperturbation
function@i isconsideredasa supe~sitionof elementaryperturba-
tionscorrespond-to elementaryheatsources.Firstcalculatethe
elementaryperturbationproducedby anelementaryheatsourcefrom
e@ation(46).An integrationaccordingtotheproperdistributionf
heatsourceswillgiveus theresultantperturbation. .
Followingtheaboveprocedure,considerfirsta heatsourceof
intensityQ,placedattheoriginofthecoordinate(centerofthe
plate);then ~/bx canbe calculatedfromformula(29),andexpres-
sion(47)csabewrittenas follows:
-gari(l-xi/ri) 2
fi%BIV~e (1 - xi/ri)~
m
(47a)
where
1 ( ) $W QB1 . a-21 + M4mzp4@r ——gam To 2Adw
It isworthwhiletotransformthisformulaintothepolarcoor-
dinatesR and q oftheZ-plane.Tothisend,notefirstthatthe
exponentialterminthefunctionfi canbe reducedto theform
fi-e -constantXga(R-1)2
——
.,
“
.
.
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Sincelargevaluesof ga mustbe dealtwith,
a significantvalue04y for ~ = R - 1 <<1.
thefunction
Thereforethe
27
f~ keeps
approxi-
mati& ~ <<1 canbe
suchan approximation,
q become
introducedinthetransformationprocess.Under
thevariablesxi and yi intermsof ~ and
x~=2cosq
yt=2{sinq
with
Itfollowsthat,at a variablepointdownstreamofthesourcefor
-lr/2<< ~ << + l’r/2,
(4P)
NowtheintegrationfPoisson’se~tion (&6)fortheZ-planewill
be considered.Itistobe remarkedthattheeffectofthepresenceof
a right-handmemberinequation(!-6)isequivalentto thatof a certain
continuousdistributionfsourcesthroughouttheregionof flow,the
intensitydI ofthesourcedistributioni an elementofarea 2 dl dx
being
fi -
dI=~2d2dX
where 2 and X arethepolarcoordinates.Thepotentialfunction
inducedby thisdistributionf sourcescanbecalculatedby themethod
oftiage(references1 to 3).
Considerfirsta unitsourceplacedata point ZQ = 2e‘x inthe
flowfieldoutsidethecylinder.Thevelocitypotentialinducedby this
sourceata variablepoint Z = Reiq isequivalenttothevelocity
yotentialoftheunitsourceplacedat ZQ)itsunitfiageplacedatthe
point~ = 2-leixreciprocato zQj ~ a tit source of inte~ity ‘1
placedatthecenterofthecylinder.Whenthepotentialfunctionand
— . .————-..— — .
__— . ——. —— — —.—.— ———-_-.—
28 IJACATN2436
streamfunctionoftheperturbationi ducedby the@t sourceare
denotedby O* smd ~*,respectively,therecanbe written
@*+i&=lOge(z‘ZQ)+lO&(z‘%) - hgez
By takingthereslpsrtoftheabovecomplexequation,thereis obtained
@ (=~10ge 7.2- )27RCOS(X-q) +R2 +
[
*1 - 2(7R)-1
1
cos (X-?) s (ZR)-2
Evidentlythisexpressioncube writteninthetwofollowingidentical
forms:
[
$lo& 1 - 2(2 Cos (x - 1l-l)+E22
[
-~Io&R2+~loge 1- 2E1’ Cos (x - q) + (E1’)q +
[
$ 10ge 1 - 252 Cos (x - 1q) + E22“ (48)
.
where,forthesakeof simplification,
61= R/L
El’”= z/R
~ = (7R)-1
.
*
.
——— .— .—-
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Thetotalinducedvelocitypotentialcanbe obtainedby integrating
O* forthewholeregionoutsidethecylinderasfollows:
.
ThusthesolutionofPoisson
ofthedoubleintegral(w).
Substitutingexpression
canbe writtenas follows:
I2TIdz dXzfi(z,X)@*(l,X) (49)o
equation(~) isreducedtothesolution
(~) intoformula(@), thedoubleintegral
“i=kfRTJ2”dx+$-=‘2‘+10%F-2’1’‘Os‘x-‘)+
1
E1’2+$loge [ 1}1. 2g2cos(x-q) +.522 +
Qrndz(m xzfi~’oge ‘2‘*’”ge E -2’, Cos‘x- ‘)+
1?12+* [10& 1 - 2E2 Cos
Onlythevelocityperturbationat
isof interest;thisis
with ~ = 1/1.
I](x-v) +E22 (50) ~
thesurfaceofthecylinder(R= 1)
logez +
[lo% 1- 12~ Cos (.x - q) +32 (50a)
Itcanbe provedthatfora flatplatetheperturbationupstream
oftheheatsourcedecreasesveryrapidlywiththedistance,inthe
—-. .——
——. .. . . . ..—. ___ —.-—
——— .— _. ——_— .. .
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‘~alxil andhenceitisnegligiblewithrespecto theproportione
perturbationdownstre~.Thismeansthatthevariationsof fi(z,x)
havetobe restrictedtothehalfplanecorrespondingto -fi/2and
fl/2.Thereforethelimitsof integrationi formula(50a)willbe
-fl/2and z/2. Inorderto carryouttheintegrationsoftheright-
handmemberofformula(50a),thefollowingsimplificationscanbe
introduced:
(1)Thevariable2 canbechangedtito1+~ with ~<<1
(2)SincelogeZ x ~,thefirstdoubleintegraloftheright-hand
memberoffotia (50a)canhe neglectedinCOIQariSOnwiththesecond
one
(3)Theorderof integrationsinthesecondoubletitegralofthe
right-handmembercanbe interchanged;by firstintegratingfi with
r’=sl?ectto c) .
rd~fi(2,X)= BIV~ (ga)‘2tgX2@
Henceformula(50a)isreducedto
fi/2
@~.CMBIV {[-& (ga)-2~ dXloge 21-
-1’r/2
Asthelogarithmictermhaspredominant
proximityof X N q,therecanbe writtenby
1
1-
no@ Cos(x - l-l)
1- Cos (x + q)
absolutevaluesinthe
appro-t ion
J’31/2‘io “A (ga)-2@ dX~loge 1- Cos‘x- ‘)x B1~4@i Cosq (-J sinx 1- Cos(x+ q)
.
.
.
.’
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Nowtheintegralontheright-handsidehasthefollowinglimitvalues:
(1)For v = O itiszero
“(2)For q=; itis
(Seereference4.) Forintermedi~valuesof q,theapproximate
~2
f Orm -~ sin q is suggested.Hence,
‘iom -Blv~ (ga)
-2sid~
Cosq
(51)
Thedistributionfthepotentialperturbation@o onthecompres-
.
siblefieldalonga plateoflengthh canbe obtainedby multiplying
formula(51)by 2Ua, by using relations (44), andby replacing”
cosq by x/2a;then,
or,by substitutingfor Bl,
.
.
whereB2 representsforthes~e of simplification
(52)
(53)
Formula(52)givesthepotentialperturbationby a singleheatsourceat
a point x fromthesource.
----—— ——-- .—— ——— —— —
~.. —- — —.— —————
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Nowconsidera continuousdistributionfheatsourcesuchthat
theintensityintheregionbetween~ and 5 + dg fromtheleading
edgeoftheplateis q(~)d~: Thustheelementaryperturbationsby
q(~)d~ alongthedownstreampartofthesegmentofplatewhichhasa
lengthb - ~ canbeobtainedfromformula(52)by replacing2a by
k- ~andxbyx’-~, where x’ isthedistancefromtheleading
edge.For x’ - 620,
3/2
Thetotaldownstreamperturbationcorrespondingto a continuous
distributionfheatsourcesalongthewholeplateisobtainedby an
integrationftheaboveexpressionwithrespecto ~ betweenthe
limitso and x’ as follows:
Inorderto calculate.theintegralintheright-handm~ber ofthe
aboveexpression,thefollowingsimplificationsaxeintroduced:
(1)Theasymptoticformoftheformula(37a)forfluxdistribution
willbe used
where
(2)
into the
A changeofvariables“~ = Cosu transformsexpression(54)
followingtype:
JIT/200 - dq sinq F(q)Cos-lv v- Cosu
,
. .
.
---
-.—
.—— —-
5,.
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whereF(?)isa trigonometricalfunctionwhichappearsinthecourseof
thetransformationand v isa parameterwhichturnsouttobe
v= xl/4a.Thedetailedformof F(q)willnotbe writtenouthere.
Asthefractionaltermhaspredominantvaluesintheproximityof
cosu xv, therecanbewrittenby
J
n/2
dq ‘b F(q)
Cos
-h ~
approximation
JlT/2 sin qmF(v) dqCos-% ‘v - ‘Osu
Theintegralontheright-handsidecanbe tiediatelycalculated,and
thereisobtained
-1/2(1- v)(1 + v)3/2QO=’%sv
~c
Thegradientatthecenteroftheplatewillbe takenastheeffective
gradiente whichiS
(55)
Itis seenthatina subsonicfieldthefluidincreasesitsveloci~by
passingovertheheatsources.
FlowPerturbationsby HeatSourcesatSupersonicSpeed
Inthissectiontheflowperturbationsata supersonicspeedby
heatsourcesdistributedalonga flatplatewill.be investigatedby using
againequation(24).Theequationwillbe firstsolvedfora single
heatsourceplacedattheorigin.Theperturbationsoftheflowabout
a flatplatewillbe derivedby a superpositionofheatsourcesas done
intheprecedingsection.Equation(24)canbemadedimensionlessby
dividingthecoordinatesby a,andthepotentialperturbationby .2Ua,
—..-. .— -.———.—.—.—- ——— -—--
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where ka isthelengthoftheplateand U isthefree-streamvelocity. “
—
Thus,
.
where
&9/T.
f=&l+kM#)~
C-S= (M@2- 1)-1/2”=tgqo
1
13ymesmsofa changeofvariables ~
equation(56)canbe transformedintothefollowing
(56)
(57)
form:
(56a)
Equation(56a)hasitscharacteristicl nesgivenby Yi ~ ~ = C;these
aretwofamiliesof straightlinesmakinganangleof 45° withthe
‘i--s .
Theproblemisto finda solutionof equation(%a) suchthatit
satisfiesthefollowingtwoboundaryconditions:
(a)Theterm a@yi -shes at
(b)Theperturbation@ vanishes
areformedby thecharacteristicl nes
yi=o
alongthefrontshockwaves,which .
originatingattheleadingedge.
—
..—. — — ———
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In particular, thesolution at v=ious distancesxi onthexi-axisis
of specialinterest.
.
Themethodof characteristics
equation(56a).Therefore,takea
a line ~p parallelto 0~’(see
theGaussiantheoremintheform
wherethedoubleintegrationis
lineintegralalongthecontour
willbe usedfortheintegrationf
pointxi onthexi-axis,anddraw
fig.2). Intheplane xiyi apply
au)$~i. (u dxi + v dyi) (’m)
extendedoverthearea Oxip,andthe
ofthisareainthepositivedirection.
Ifinequation(58)thereareinsertedU = ~@yi and V = a@~, it
followsfromequations(%a) and(m) that
ItiS
line
evidenthat dxi=
qP l Consequently,
(59)
r
oy2
dyi onthelink Op,and dxi= -Gi onthe
T(iaO a~til=xiaO_—dy~+—o axi ayl )J ‘iayio
.
_.. ..—..— .=— —
——
.——. -
. 36
anditfollowsfromequation(w) that
J’xi aa_-aq - 2ap+ @o+ ‘i tii J dq @ifo oqP
Nowjfromtheboundaryconditions,
(-)aotii ‘0yi=o
@p=@o=o
Hence,
q = -J~@if (60)
Oqp
Theaboveformulacanbe transformedfromthexi,yi-Pl~eintothe
x,y-plaaeaccordingtorelations
is
/2
@x ._;
fo
where l/u istheratiobetween
respectiveplanes
1
(5’7)l Omittingthe
xl
dx~
I
@’if(Xlyl)
o
details,theresult
(61)
thetwoareasof inte~ationinthe
a(x,y)
*= ---
~ a(xijyi)
..
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Fora heatsourceplacedattheorigin,f isgivenby expres.
sions(56)and(~), andthereresults
37
.
with
lefmB1’— -gar(l-x/r)
r
(1- x/r)
gsx
B1’=
~ (1+ W2)i.L.>#& ga
46 0 w
I
(62)
It istobe notedthatan integrationf f withrespecto yl
meansan integrationwithrespecto
whilekeepingx constant.Aftersomesimplifications,
By substitutingthisintoformula(61),itfollowsthat
dw2e-v2
and,introducinga newvariableu suchthat
-—..—_
—-—— —— —. .—. .
-—.
%thereresults
IWCJITN2436
(63)
where
~=ga=lx 2
By interchangingtheordersof integration,therecanbewritten
(64)
Forverysmallvaluesof ~, Ox issmall,butitincreases
rapidlyuntila valueof X2 intheorderof l/(gajisreached.Then
theintegralstakepracticallytheirasymptoticvalueswhichare
and
J~+.dw2e-2 loge v = constanto
.———
. .
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Henceformula(64) becomes
As theconstantdoesnotplaya material
bation,itcanbe disregarded,andthere
~ - cons-talt
part in thevelocitypertur-
isobtained
r10ge ~
and,by substitutingfor B1’ fromexpression(62),
I
.@x= -* (1 + kMm2)wJga)-1$
.
0
. Nowconsidera continuousdistribution’
~ loge @2MW
fheatsources
39
(65)
overthe
len@h b oftheplate,suchthattheintensityofthesourceonthe
segmentbetween~ ad ~ + d~ is q(~)dg,where q hasthedistrib-
utionlawgivenby formula(37a).Theelementarypotentialpertur-
bationd~x dueto q(~)d~ ata pointsituatedata distancex from
theleadingedgeonthex-axiscanbe easilyobtainedfromformla(65)
by changinginfo~a (65) Q into q(g)dg and x tito x - g.
Then,
Iftheperturbationupstreamofthesourceisagainnegligibleas
inthesubsonicase,theperturbationOx correspondingto a contin-
uousdistributionftheheatsourcesalongthetotallengthofthe
platecanbeobtainedby integratingtheaboveexpressionbetweenthe
limitsO and x ofthevariableg. Thus,
“
.
-. —..._.~ .— —. _ _——— ———. .—. —..— —— ——
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--& (1 + ~2)vm(ga)-1> f d~q(E.) [ 1
@-l (x+)@x= — loge ga z
2b9w
00
Forthesakeof simplificationinthefollowing
integralinformula(66)willbe representedby
Generally
decreasesvery
(66)
calculations,the
1(x - Q
in a supersonicflow ga isverylarge,so
rapidlywith E;thereforeexpression(66a)
(66a)
that q(g)
canbewritten
h thefollowingapproximateform:
.
The integral.
formum (42)
where x is
( ‘~’x)lxd’$tS2 = loge ga
of.theright-hand
andhasthevalue
nowthedistamce
Henceformula(66)becomes
ox = -*; (1 + kkrmq
.....
memberhasbeencalculatedinthecasewith
.
inabsolutevaluefromtheleadingedge.
t9w
— (ga)’1 ~ loge
To (gwilx)’67)
.
.-
6.
.
.
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Theperturbation@x increasesinabsolutevaluefromtheleadingedge
tothetrailingedgewithanaveragegradient
d~ ~
—=
-—~ (1+ l@@ k A
dx k~ a To G ‘ogeFu ‘a)
Itisseenthatina supersonicflowtheheatsourcesw3.JJproducea
decreaseinthevelocityoftheflowwhichpassesoverthem.
! NONLINEARCOOLINGOFA BIW!EDBODYA!I’SUPERSONICSIZEED
NonlinearCoolingofa FlatPlate -
Theroleoftheheatsourcesalonga bodyina compressibleflowcan
be imaginedtoheata thinlayerofairwhichperturbsthemotionofthe
mainflow,justas ifthebodyweredeformedinsteadofbeingheated.
Theaveragevelocitywhichpassesalongsucha deformedbodyisthenan
“effectivelocity”definedby
ueff=
or
‘efffl=
where d~/dx isgivenby formula
formula(68)ina supersonicflow.
writing,introduce
(55)ina subsonicflow,andby
Forthesakeof convenienceof
Ueff- u
G=
~ d@x
=——
Udxu
as thecorrectioncoefficientofthe
ueff/u=
effectivevelocity
l+E
(69)
.— -.._ —.—— ..—— —... —--—..————— — — —...——.
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Introducingthiseffectivevelocityintheexpressionfheat
deliverg(43),
where
2-k
-—
g = ~mk-lhu
Inproblemsofheattransfer,
importantpart:
(1) The Nusselt mnriberN as
isdefinedby
thefollowingparameters
introducedpreviouslyin
.
(70)
playan
formula(40)
Q = N1..Adw/d
where Q istheamountofheatdel~veredinunittimeby theunitlength
.
ofan immersedbodyacrossanarea A, Ow isthedifferenceb tweenthe
temperatureofthebodyandtheisentropicstagnationtemperature,and .
disa representativelength.Fora flatplateoflengthk-a,N is
(2)TheReynoldsnumberR = poUd/q,whereU isthefree-stream
veloci~, PO istheisentropicstagnationdensi~jand q isthe
coefficientofviscosity
(3)me PrandtlnumberPr = 2hq/po,where 2h= pocp/A
(4)ThePecletnumberP = R x Pr= 8hUa
It istobe notedthatifthePrandtlnumiberisa constant,the
PecletnumberisproportionaltotheReynolds.nuuiber.Iftheresults
aretobe expressedintermsof P, thequanti~ 8ga whichoccurs
frequentlyinthispaperbecomes
2-k
-=8ga= EP~
—
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.
.
Henceanalternativeformof formula(70)fortheheatdeliveryis
obtainedas follows:
(70a)
where G isgivenby formulas(5S)and(~) forthesubsonicandthe
supersonicspeeds,respectively,asfollows:
(a) Ina subsonicspeed:
(b)Ina supersonicspeed:
(n-)
By
alsoin
substitutingformulas
thefollowihgform:
(72)
.
(71) ~d (72)j fo~a (70a)canbewritten
— ( )19W2N. cojlTp+c~- c210gepc3 ~ (70b)
where N istheNusseltnumber,P isthePeclet
totheReynoldsmniber,whenthePrandtlnuniberis
differenceb tweenthetemperatureofthebodyand
nationtemperatureTo,andfindly Co, cl~ C2)
followingfunctionsofthefree-streamMach?yniber
, andk).
number(itisequal
~ty) j $W isthe
theisentropicstsg-
and C arethe
~ (s~efigs.3
.
..——— —.— .—— .
-—. .—. —...
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(a)Ina
(b) Ina
where ~m = 1
subsonicflow:
,0. ,m-&
Cl = Pm-l
supersonicflow:
c1 = I&-l
c* = ~ (1 + klf:w~p - @’pm-l
(73)
t“
(73a)
[
2-k
r]]
@-lC3= c* loge Pm- loge
2(k- 1) 4
+k-lQ Mm*,and k istheratioofthecoefficientsofc
specificheat. -
Fromtheformula(70b) for the heat delivery of a plate,the
followingpropertiescanbe seen(figs.5 and6).
(a)Subsonicflow:
(1)N increases
on p. SinceQ = 2NA~,
with +W. ‘Therateof changedoesnotdepend
Q doesnotvarylinearlywith $%J(fig.5)
— —.——— –—.
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(2) N decreasesas ~ increases
.
(3) N varies linearly
(4) Forverymoderate
reducesto
—
with ~
~, evenfor ~ w O, formula(70b)
3fi2N=@cP+l+— 64 ‘W/TO
Itreducesto theformulaofKing(reference5) onlyif $w/Tovanishes.
(b)
on 10ge
Supersonicflow:
(1)N decreases
@ andtherefore
changeina subsonicflow;
(2)N decreases
as ~ increases.Therateofchangedepends
islargerinabsolutevaluethantherateof
Q doesnotvarylinesrlywith -9W(fig.5)
as & increases.Thisistruefora flat
platewitha shsrpnose. Itwillbe seeninthefollowingsectionthat
fora bodywitha bluntnosedifferentasyectswillappesx
.
(3) N does mt vw linearlytith @, becawethetemperature
term informula(70b)containsa functionloge~. However,thedeti-
ationfromthelineari~issmallowingto thesmallmagnitudeof ~/To.
SomeRemarksonHeatDeliverybyaBodyWith
a BluntNoseinSupersonicFlow
Intheprecedingsections,a certaincontinuousdistributionf
heatsourcesimmersedina flowofvelocityU hasbeenconsidered.By
theuseofa generalizedpotentialtheorydevelopedfora nonadiabatic
androtationalfluid,theactionoftheheatsourcesontheflowhasbeen
studied,andtheheatdeliveryhasbeencalculated.
Inorderto showinthetheorythefundamentalctionofheaton
theflow,andto obtainthecharacteristicphysicalfeatures,itis
believedthattheextraneousactionoftheshapeofthemedium?thatis,
themetallicbcdyintroducingheattothefluid,mustbe eliminatedin
a firststudy.Therefore,inthepresentcalculations,a fineplatehas
beenchosenwhichdoesnotofferanyshapeperturbationtotheflow.
Thiscircumstanceapproaches
withoutinterferencefromau
thetheoreticaldi.stri.butionofheatsources
extraneousbody. Fundamentalinvestigations
. —. - —.— -.————.—.—-—
—— ~ ——-— — -- — .—-.— —c —.
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ofthephysicalphenomenaunder
asa basisforthestudyofthe
circumstances,foreqle, the
mmm 2436
sucha simplifiedcircumstancemayserve
phenomenaunderothermorecomplicated
actionofheatcombinedwiththeaction
ofan extraneousbody. Hot-wireanemometryinan incompressiblefluid
takesusuallya cylindricalwirefortheintroductionfheattothe
fltid. No difficultyhaseverarisensinceitsbody”perturbations
knownbyelementszytheory.Ina supersonicflow,thebodyperturbation
ismoredifficultto calculate.However,forthestudyoftheheat
deliveryanapproxhatestimationcanbemadeby”startingfromthe
followingconsiderations.
A bluntbodylikea cylinderwillproducea detachedshockwave
whichis strongonthefrontregionandweakonthetwobranches.Behind
theshockwave,theflowaboutthecylinderismibsoniconthefront
regionsmdsupersonicontherestoftheregion.Fromthepresentcal-
culations(seesectionFluxDistributiona dHeatDelivery)itisknown
thatthe& inthefrontregiongivesthelsrgestcontributioni the
heatdelivery.Thatpartoftheair,heatedundera subsonicstate,
passesthesoniczonemd leavesthecylinderwitha supersonicveloci~.
Whilethedetailedpictureofthephenomenahastobe studiedmorerig-
orously,a roughestimationoftheheatdeliverycanalreadybe obtained
by givingtothatcontributingpartoftheairan effectivevelocity
aftera Machwave,andaneffectivembsonicWh mex MI whichCm
be derivedfromtheunperturbedMachnumber& beforethatpartof
theshockwavewhichisapproxhatelynormal.Theknownrelationbetween “
suchMachnunibersi (seefig.4)
k-1 2
M,2=1; 2 ‘,
J- w - (k
Thetemperaturedistributionabout
- 1)/2
a cylinderisgivenby
(74)
(75)
Thisisthegener~formofequation(23). By choosing a systemof
coordinatesq and $,thisdistributionreducestothetemperature
distributioni a uniformstreamflowingalonga flatplate,asgiven
previouslybyequation(23).Thesamemethodusedinthesections
TemperatureDistributiona dFluxDistributiona dHeatDeliverycanbe
appliedhereinorderto calculatethetemperaturedistributiona d
.
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finallytheheatdeliveryfora cylinder.Omitting.thedetails,the
resultis
Q.
Thelimitsofvariationof
M#l-l(~Z+l) ‘ (76]
thepotentialfunctionare O and po. In
thecaseofan ellipticylinderof semiaxes(a,b),
P.= 2(a+b)U
As PO= 4Ua forbothcasesofa circularcylinderofradiusa smdof
a plateoflength4a,it isseenthattheexpressionsoftheheat
deliveryforbothcaseswithoutheatperturbationmustbe identical.It
isalsotobe notedthat,for Ml = 0,theexpressionftheheatdeliv-
eryreducestothatfoundby King.Further,fora circularcylinder,
P= = 4hUa
(Pc)eff= bhueff’
Henceformula(76)becomes
Nc=—f cod- + (Y@-1 (77)
.
Themassofationthefrontpartofthecylinder,heatedata
subsonicstatecharacterizedby thesubsonicMachn~er ‘Ml willleave
thecylinderwitha supersonicvelocitywhichis
effectiveveloci~aftera Machwave
ueff=U(l+G) ‘
.
approximatelythe
. ..— -—— ——
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where e is givenby expression (72). By substilxrting~ression (72)
intoformula(77),
.c=~ —. .QII
wherethe C’s are
Co(Ml)=
Cl(Ml)=
C2(M1)=
thefollowingfunctionsoftheMachnumbers:
#%
Co(Ml)
c2@’J CO(MJ
.
[
c3(Ml) = c2(%) *;k-_kl) r]
@-l10geV@-loge 4
(78)
.
Formula(78)remainsvalidfora subsonicflow,providedthevalues
oftheC-functionsaretakenfrOmexpressions(73).
Theamountofheat Q doesnotvarywith #w (seefig.7),although
thedeviationfromlinearityisnotso importantasforthecaseofa
flatplate.
Forsmallvaluesof $~T/To,thebodyperturbationbecomespredominant
comparedwiththeheatperturbation.ThereforeNc increaseswith ~
for Mm >1, a behaviordirectlyoppositetothatfora flatplate
whichdoesnotofferanybodyperturbation(seefig.8). Ontheother
hand,forlargevaluesof ~w/To (seefig.9),thebodyperturbation
becomeslessimportantcomparedwiththehealperturbation.Therefore
Nc decreaseswith Mm for & >1, a behaviorco~arablewiththatfor
a flat’plate(cf.fig.6).
Fromtheaboveformulafortheheatdelivery,itisseenthat Q
isproportionalto thecoefficienth~ or h~~. Inthepresent
theoreticalinvestigation,thiscoefficienthasbeenassumedas independ- .
entofthetemperature@adientintheneighborhoodfthewire,and
theviscosityhasbeenassumednegligible.Inviewofthissimplification
—
‘7
.
.
.
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and of the uncertainty attached to the value of l.,
value of the coefficient, calculated for a constant
seemstoo high comparedwith theexperimentalones.
formulaofKingwiththeexperimentson cylindrical
49
thetheoretical
temperatureof170C,
By comparingthe
hot-wiresat zero
Machnumber,itisseenthattheratioof experimentalcoefficientto
theoreticalcoefficientisintherangeof1.5to 1.7. Theseconsider-
ationshavetobe takenintoaccountinthenumericalinterpretationsf
theresults.
SomeConcludingRemsxksonHeatFlowand
SomeNotesonEffectsofViscosity
Inthissectionvariousdetailsofthereasoningarereviewed,and
theeffectsofviscosityarestudied.Thiswillfurnishatthesamethe
an opportuni~ofpo3ntingoutbrieflythevariousprinciplesand~oth-
esesunderlyingthetheory,andthedifficultieswhichherewithare
connected.
Inthepresentpaper,itwasintendedto elucidatesomefundamental
theoreticalfeaturesofa heatflow,nmely,
(1)Thegeneralizedpotentialtheoryfora flowwithrotationand
variableheatener~
(2) The
(3) me
(4) The
(5) me
distributionfheatenergyfurnishedby a heatsource
distributionfheatflux
amountofheatdelivery
perturbationsoftheflowbyheat
A simplifiedmodelwaschosenforthestudy;itconsistedof a
straightarrayofcontinuousheatsources,placedparallelto a stream
ofuniformvelocity.Theheatsourcesonthearraywereof suchan
intensitydistributionasto furnisha prescribedsurfacetemperature,
forinstance,a @orm temperature.Inorderto fixtheidea,suchan
arraywascalledan “infinitelythinflatplate,”whichhastheonly
significanceof indicatingthelocationoftheheatsourcesgivinga
constantsurfacetemperature,withoutofferinganybodyperturbationto ,
theflow,forexample,intheformofa boundarylayer.
Thetheoryofgeneralizedpotential.flowhastheadvantageofper-
mittingtheuseofthepotential-streamlinecoordinates,andhencethe
applicationtomorecomplicatedshapesofheatsourcedistribution,other
thantheabovestraightsrray.Infacttheuseof suchcoordinatescan
transforma complicateddistributioni tothestraightarray,whichis
thereforethemostfundamentaldistribution.
——.— .—————...—.
___ —— — — -—
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Thesimplifiedmodelhasservedto illustratec rtain
features.However,itmay,ofcourse,deviateappreciably
bodysupplyingheattotheflow.Forexample,theflowin
NACA~ 2436
.
physical
from an actual
the boundary
lsyerofthebodyshouldbe actuallyretsrded,andthereforetheheat
deliveryshouldbe lessintense.Butbeforegoingto suchproblemsof
a nonuniformstream;itwasnecessaryfirstto studythemorefundamental
problemofa uniformstream,whichgivesa cleareranalysisofthepre-
dominantphysical.characteristics.Theheatdeliveryby a bluntbody,
forexample,a cylinder,givesriseto additionaldifficultieswhichwere
notinvestigated,becausethenonuniformflowbehinda curveddetached
shockwave,asproducedby thebluntbody,is initselfalsoa difficult
problem,evenwithoutheatintroduction,andmustbe leftoutofthe
scopeoftheinvestigationatthepresentime. Inthatrespectonly
somephenomenabehindsucha wavehavebeenroughlystipulatedinthe
precedingsection,illustratingthedifficultieswhichsrise,ratherthan
theirexplanations.
Thetheoryoftheheatflow(nonadiabatic,rotational,andwith
variabletotalenergy),inconnectionwiththeaboveenumeratedaspects,
waselucidatedintheprecedingsectionsby neglectingtheeffectsof
viscosity,a proceduregenerallyadoptedinthetheoriesof sucha com-
plicatedflow. Inthefollowinglinestheeffectsofviscositywillbe
estimated.
Fora viscousflow,theequation
mmpep=.==
of energyis (seereference6)
A*+Z
where
D a
—=—
Dt at+w.sad
~ is the dissip~tion function (Q is used for potential perturbation,
and the symbol @ is therefore chosen for the dissipation function)
and all other symbolshavebeen explained h the first section of the
presentpaper.
By mibstitutingfor p fromthe
Dw
—= -grad
‘Dt
I?avier-Stokesequation
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where q isthecoefficientofviscosity,
()–cT+f .~=w%+(,m’%+qD‘Dt P 2
Fora stationaryflow,
m“ grad(c,,+:)=.*+(T&T+c)
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(79)
Thispartialdifferentialequationdeterminesthespatialdistribution
ofthetemperatureT, or,followingequation(1),thespatialdistrib-
utionof O(x,y),thatis,theadditionaltemperaturefurnishedby the
heatsource.AswasdoneinthesectionSmallPerturbations,small
perturbationswillbe consideredbykeepingonlytermsin $ ofthe
firstorder,andhenceitispossibletotransformequation(79)intoa
linearizedpartialdifferentialequationfor 19.ltromtheequationof
continuity(~),andfromtherelationofthedensi~-temperatureratio,
itisobservedthat awi/axjisofthesameorderas W/axj andhence
thesecond-orderterms
bwj,&k
——(i, j,k,Z=l, 2,3)
axJaxz
arenegligible.
Thedifferenceb tweenequation(79)andtheenera equation(6)
usedformerlyliesinthepresenceofthelastexpressionwithinparen-
theses,whichrepresentsheeffectsofviscosity.
Now, .
W%=+&w2- (awi@j)2
. . . . . . . . ... . . _____ _
-—. — -z.. — ._
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The last term of the right-hand memberis a second-order term in $ and
is therefore negligible. So is F too. Henceby neglecting second-
order terms in the last e~ression betweenparentheses of equation (79),
pw l grad(p, +$) ..* + # E
(=~$cpT‘P
IfthePrandtlnumberiswrittenaE IT = Iqcp).= 1,
‘2b’T+3=~w“‘+’T’3
Thedensityp canbe transformedinto T, andthetemperatureT can
be furthertransformedinto fl,us~ theformulasoftransformations(2)
and(3). By leavingoutsecond-orderterms,aftertransformationthere
isobtained
where (80)
and g, h, llmand U aredefinedasusualinthefirstsectionof
thepaper.Equation” isthepartialdifferentialequationforthe
spatialdistributionf ii,by takingintoaccountheeffectsofvis-
cosity.It is seenthatequation(8o)isofthessmeformasthenon-
viscousdistributionrepresentedby equation(23),excepthecoeffi-
cient 2g inequation(23)isreplacedby2g’ inequation(8o).
Thespatialdistribution
ution,andtheamountofheat
inthesameformsasformulas
cient 2g* asfollows:
fthetemperature0,thefluxdistrib-
deliveryfollowfromequation(8o),exactly
(29),(37a),~d (43)withthenewcoeffi-
.—.-
.
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q(x)= q(0)e2g’x(l- erf~x)
with q(0) = 2Mw2g’/~m (accordingto formula (41))
(81)
It is seenthattheviscousdistributionsof a @ q are“rounded
down,“ thatis,notsosharpasthenonviscousdistributions,andthat
theheatdeliveryisdiminishedbytheviscosity.Theeffectsofthe
viscosity,whichincreaseswiththefree-streamMachntier,arethus
tomodifythemagnitudeofthephysicsllquantitiesconsideredabove,
withoutchangingtheformsoftheirdifferential.equationsW their
formulas.
Fromformula(81)fortheheatdelivery,itisseenthat N ~
proportional.to ~, andhenceto ~. NowthehorizontalvelocityU
issubjecto perturbationsby theheattransfer.Thoseperturbations,
oftheorderof d,wereassumedsmsll.,andasa firstapproximationthey
me neglectedintheelucidationf formulas(43) and (81) fortheheat
deliveryina nonviscousflowanda viscousflow,respectively.Later,
asa secondapproxhation,theflowperturbationsby heatwerecalculated
inthesectionsexplainingflowperturbationsby heatsourcesat subsonic
andsupersonicspeed,by neglectingtheviscosity.Itisaneasymatter
to substituteheperturbedvelocityintheformulaofunperturbedheat
deliveryinorderto findtheperturbedheatdelivery.Probalythe
viscositywill.againhavecertaineffectsontheflowperturbations.
But,astheflowperturbationsplayonlya second-orderpartintheheat
delivery,thoseeffectswillnotbe studiedfurtherhere.
Cuves areplottedinfiguresforthecaseofa nonviscousflow,
illustratingthegeneralpropertiesofa heatflow.Thecorresponding
curvesfora viscousflowarenotadded,inordernottomakethefigures
toocumbersome.
heat
with
Theeffectsofviscositywillreducetheslopeofthe
deliveryinfigures
theverticalaxis.
-.
6, 8, -9,
Theslope of
withoutchangingthe
thecurvesinfigure
curvesfor
intercepts
6 WLL1have
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-1/2,*&t is, c11/2,where Cl iStobe multipliedby a factor~
givenby figures3 and4. Theslopeofthecurvesinfigures8 and9
~ ha~e& be multipliedby
whereMl isgivenby figure
thefactor
( )-1/2l+~M12
4 in termsof &.
NationalBureauofStandards
Washington,D. C.,August9, 19’3)
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